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I. INTRODUCTION
Casimir [1] predicted that conducting parallel plates attract due to vacuum fluctuations of the
electromagnetic field. The attraction between plates is the result of electromagnetic modes due to
boundary conditions or topological effects [2–5]. However this effect is more general and it can be
defined as the force per unit area of the bounding surfaces when a quantum field is confined.
The Casimir effect was confirmed experimentally first by Sparnaay [6] and subsequent exper-
iments have established this effect to a high degree of accuracy [7, 8]. Recently some practical
applications of this effect have been found in micro- and nanotechnologies [5, 9] involving supercon-
ductors at high temperature [10, 11]. The finite temperature corrections to this effect are significant
for plates separated by a distance of the order of micrometers [12]. The role of finite temperature
for Casimir effect has been considered using the Thermo Field Dynamics (TFD) formalism in elec-
tromagnetic [13] and Kalb-Ramond [14] fields.
TFD, a real-time finite temperature formalism, is a thermal quantum field theory [15–19]. The
main idea is to interpret the statistical average of an arbitrary operator A, as the expectation value
in a thermal vacuum, i.e., 〈A〉 = 〈0(β)|A|0(β)〉. The thermal vacuum, |0(β)〉, describes the thermal
equilibrium of the system, where β = 1
kBT
, and T is the temperature and kB is the Boltzmann
constant (we use kB = 1 and ~ = c = 1). Two elements are necessary to construct this thermal
state: (i) doubling of the original Hilbert space and (ii) Bogoliubov transformations. This doubling
is defined by dual conjugation rules of physical quantities represented by nontilde and tilde (∼)
variables. The Bogoliubov transformation introduces a rotation in the tilde and nontilde variables.
Here we use the TFD formalism to calculate the gravitational Casimir effect at zero and finite
temperature.
The Casimir effect appears for any quantum field. Then there is a natural question: Is this
phenomenon due to the gravitational field? If gravity has a quantum nature, this effect is expected
for gravitational waves. For plates made of conventional materials the gravitational Casimir effect is
very tiny. Although small, the Casimir effect in different gravitational models has been investigated
[20–27]. Some of these calculations investigate whether this effect obeys the equivalence principle.
Other analyses involve quantum fields (scalar and electromagnetic fields) propagating in certain
gravitational backgrounds. Recently [28] a different attempt has been proposed where plates are
made of superconducting material. Using this idea and the formulation of the gravitoelectromag-
netism (GEM), the gravitational Casimir effect is analyzed. In this work the Casimir energy and
pressure for the GEM field are calculated and our results are compared with the electromagnetic
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case.
GEM, a theory of gravity, is based on an analogy with electromagnetism [29–31]. This idea has
relevance since several experiments have been carried out to detect the gravitomagnetic contribu-
tion [32–35]. There are two possible formulations for GEM: (i) based on the Weyl tensor (Cijkl)
that divides into electric and magnetic components and (ii) based on the similarity between the
Maxwell and linearized Einstein equations which is valid in the framework of the weak field ap-
proximation. Here the first formulation using the Weyl tensor is considered. In this case the field
equations for components of the Weyl tensor, Eij = −C0i0j (gravitoelectric field) and Bij =
1
2ǫiklC
kl
0j
(gravitomagnetic field), have a structure similar to Maxwell equations.
A lagrangian formulation for GEM with gauge invariant field equations and interactions between
fermions, photons and gravitons has been studied [36]. The interaction of the graviton with fermions
and photons leads to a definition of the S-matrix, that helps us to formulate a perturbation series
in order to define transition amplitudes. This leads to a symmetric energy-momentum tensor, that
is used to calculate the Casimir effect for GEM field at zero and finite temperature using TFD.
This paper is organized as follows. In section II, TFD and some characteristics of this formal-
ism are presented. In section III, a lagrangian formulation for GEM is introduced. The Stefan-
Boltzmann law is derived. In section IV, the Casimir effect at zero and finite temperature is
obtained. In section V, some concluding remarks are presented.
II. THERMO FIELD DYNAMICS
Here brief ideas of real-time finite temperature field theory (TFD) [15, 16, 37, 38] are presented.
In this formalism the original Fock space S of the system is doubled leading to an expanded space
ST = S ⊗ S˜, applicable to systems in a thermal equilibrium state. This doubling is defined by a
mapping (∼): S → S˜ associating each operator say a, in S to two operators in ST . For an arbitrary
bosonic operator X the standard doublet notation [17] is
X a =

 X
−X˜ †

 . (1)
The physical variables are described by nontilde operators.
Thermal variables are introduced by a Bogoliubov transformation, U(α), that corresponds to
a rotation in the tilde and non-tilde variables, such that thermal effects emerge. The Bogoliubov
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transformation is defined as
U(α) =

 u(α) −v(α)
−v(α) u(α)

 , (2)
where u2(α) − v2(α) = 1. These quantities u(α) and v(α) are related to the Bose distribution.
The parameter α is associated with temperature, but, in general, it may be associated with other
physical quantities.
As an example, consider a free scalar field in Minkowski space such that diag(gµν ) =
(+1,−1,−1,−1). Using the Bogoliubov transformation the α-dependent scalar field is given by
φ(x;α) = U(α)φ(x)U−1(α),
φ˜(x;α) = U(α)φ˜(x)U−1(α). (3)
The propagator for the α scalar field is
G
(ab)
0 (x− x
′;α) = i〈0, 0˜|τ [φa(x;α)φb(x′;α)]|0, 0˜〉, (4)
where a, b = 1, 2 and τ is the time ordering operator. Using |0(α)〉 = U(α)|0, 0˜〉
G
(ab)
0 (x− x
′;α) = i〈0(α)|τ [φa(x)φb(x′)]|0(α)〉,
= i
∫
d4k
(2π)4
e−ik(x−x
′)G
(ab)
0 (k;α), (5)
where
G
(ab)
0 (k;α) = U
−1(k;α)G
(ab)
0 (k)U(k;α), (6)
with
U(k;α) =

 u(k;α) −v(; , α)
−v(k;α) u(k;α)

 , G(ab)0 (k) =

 G0(k) 0
0 −G∗0(k)

 , (7)
and
G0(k) =
1
k2 −m2 + iǫ
. (8)
The physical information is given by G
(11)
0 (k;α). Here G
(11)
0 (k;α) ≡ G0(k;α), then
G0(k;α) = G0(k) + v
2(k;α)[G0(k)−G
∗
0(k)], (9)
such that
[G0(k)−G
∗
0(k)] = 2πiδ(k
2 −m2). (10)
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For the massless scalar field
G0(x− x
′) = −
i
(2π)2
1
(x− x′)2 − iǫ
. (11)
The TFD propagator, in the Heisenberg picture, is written as
G0(x− x
′;α = β) = i〈0(β)|τ [φ(x)φ(x′)]|0(β)〉,
= iTr
{
ρ(β)τ [φ(x)φ(x′)]
}
,
= G0(x− x
′ − iβn0;β), (12)
where ρ(β) is the equilibrium density matrix for the grand-canonical ensemble and n0 = (1, 0, 0, 0).
This result shows that the propagator is a periodic function with a period β in the imaginary-time
axis.
III. GEM ENERGY-MOMENTUM TENSOR
We begin with the lagrangian formulation of GEM which is based on Maxwell-like equations
[36]
∂iE ij = −4πGρj , (13)
∂iBij = 0, (14)
ǫ〈ikl∂kBlj〉 +
1
c
∂E ij
∂t
= −
4πG
c
J ij , (15)
ǫ〈ikl∂kE lj〉 +
1
c
∂Bij
∂t
= 0, (16)
where G is the gravitational constant, ǫikl is the Levi-Civita symbol, ρj is the vector mass density,
J ij is the mass current density and c is the speed of light. The quantities E ij , Bij and J ij are
the gravitoelectric field, the gravitomagnetic field and the mass current density, respectively. The
symbol 〈· · · 〉 denotes symmetrization of the first and last indices i.e. i and j.
A symmetric rank-2 tensor field, A˜, with components Aij is written such that the field B is
expressed as
B = curl A˜. (17)
Using div curl A˜ = 12curl div A˜ where A˜ is such that div A˜ = 0, then eq. (14) is satisfied. It is
possible to rewrite eq. (16) as
curl
(
E +
1
c
∂A˜
∂t
)
= 0, (18)
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where curl E = ǫ〈ikl∂kE lj〉. Defining ϕ as the GEM counterpart of the electromagnetic (EM) scalar
potential φ, the gravitoelectric field is written as
E +
1
c
∂A˜
∂t
= −gradϕ. (19)
Then GEM fields are rewritten as
F0ij = E ij, (20)
F ijk = ǫijlBlk, (21)
where Fµνα is the gravitoelectromagnetic tensor defined as
Fµνα = ∂µAνα − ∂νAµα, (22)
with µ, ν, α = 0, 1, 2, 3.
The dual GEM tensor is defined as
Gµνα =
1
2
ǫµνγσηαρFγσρ, (23)
where ηµν = (+,−,−,−).
Thus the GEM field equations are
∂µF
µνα =
4πG
c
J να, (24)
∂µG
µ〈να〉 = 0, (25)
where J να depends on quantities ρi and J ij that are the mass and the current density, respectively.
Then the GEM lagrangian density is
LG = −
1
16π
FµναF
µνα −
G
c
J ναAνα. (26)
Hereafter, we consider the lagrangian density for the free GEM field given by
LG = −
1
16π
FρσθF
ρσθ. (27)
Using this lagrangian density, the energy-momentum tensor is
T
µν =
∂LG
∂(∂µAλα)
∂νAλα − g
µνLG,
= −
1
4π
Fµλα∂νAλα +
1
16π
gµνFρσθF
ρσθ . (28)
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Observe that this tensor is not symmetric. To symmetrize it we use Fµλα∂νAλα = g
µρFρλα∂
νAλα
and ∂νAλα = Fνλα + ∂λAνα, then
T
µν = −
1
4π
gµρFρλαF
νλα −
1
4π
gµρFρλα∂
λAνα +
1
16π
gµνFρσθF
ρσθ. (29)
Using the definition
T µν = Tµν +
1
4π
gµρFρλα∂
λAνα, (30)
the symmetric energy-momentum tensor for the GEM field is
T µν =
1
4π
[
−FµλαF
νλα +
1
4
gµνFρσθF
ρσθ
]
. (31)
The canonical conjugated momentum related to Aκλ is
πκλ =
∂LG
∂(∂0Aκλ)
= −
1
4π
F0κλ. (32)
Adopting the Coulomb gauge, where A0i = 0 and divA˜ = ∂iA
ij = 0, the covariant quantization is
carried out and the commutation relation is[
Aij(x, t), πkl(x′, t)
]
=
i
2
[
δikδjl − δilδjk −
1
∇2
(
δjl∂i∂k −
− δjk∂i∂l − δil∂j∂k + δik∂j∂l
)]
δ3(x− x′). (33)
Other commutation relations are zero.
Calculating the expectation value of T µν(x), given by eq. (31), in the vacuum state is not
possible due to the product of field operators at the same point of the space-time. To solve this
problem we write
T µν(x) =
1
4π
lim
x→x′
{
τ
[
−Fµλα(x)F
νλα(x′) +
1
4
gµνFρσθ(x)F
ρσθ(x′)
]}
,
=
1
4π
lim
x→x′
[
−Fµ λα,
νλα(x, x′) +
1
4
gµνFρσθ, ρσθ(x, x
′)
]
, (34)
where τ is the time order operator and
F
ακγ,µνρ(x, x′) = τ
[
Fακγ(x)Fµνρ(x′)
]
. (35)
Using the τ operator explicity
F
ακγ,µνρ(x, x′) = Fακγ(x)Fµνρ(x′)θ(x0 − x
′
0) + F
µνρ(x′)Fακγ(x)θ(x′0 − x0), (36)
with θ(x0 − x
′
0) being the step function. In calculations that follow, we use the commutation
relation, eq. (33), and
∂µθ(x0 − x
′
0) = n
µ
0δ(x0 − x
′
0), (37)
7
where nµ0 = (1, 0, 0, 0) is a time-like vector. Then we get
F
ακγ,µνρ(x, x′) = Γακγ,µνρ,λǫωυ(x, x′)τ
[
Aλǫ(x)Aωυ(x
′)
]
+ Iκγ,µνρ(x, x′)nα0 δ(x0 − x
′
0)− I
αγ,µνρ(x, x′)nκ0δ(x0 − x
′
0), (38)
where
Γακγ,µνρ,λǫωυ(x, x′) =
(
gκλgǫγ∂α − gαλgǫγ∂κ
) (
gνωgρυ∂′µ − gµωgρυ∂′ν
)
(39)
and
Iκγ,µνρ(x, x′) =
[
Aκγ(x),Fµνρ(x′)
]
=
[
Aκγ(x), ∂′µAνρ(x′)
]
−
[
Aκγ(x), ∂′νAµρ(x′)
]
=
i
2
n
µ
0
[
δκνδγρ − δκρδγν −
1
∇2
(
δγρ∂κ∂ν − δγν∂κ∂ρ − δκρ∂γ∂ν +
+ δκν∂γ∂ρ
)]
δ3(x− x′)−
i
2
nν0
[
δκµδγρ − δκρδγµ −
1
∇2
(
δγρ∂κ∂µ −
− δγµ∂κ∂ρ − δκρ∂γ∂µ + δκµ∂γ∂ρ
)]
δ3(x− x′). (40)
Then the energy-momentum tensor is
T µν(x) = −
1
4π
lim
x→x′
{
∆µν,λǫωυ(x, x′)τ
[
Aλǫ(x)Aωυ(x
′)
]}
, (41)
where
∆µν,λǫωυ(x, x′) = Γµ ρα,
νρα,λǫωυ(x, x′)−
1
4
gµνΓρσθ, ρσθ,
λǫωυ(x, x′). (42)
The vacuum expectation value of the energy-momentum tensor is
〈T µν(x)〉 = 〈0|T µν(x)|0〉,
= −
1
4π
lim
x→x′
{
∆µν,λǫωυ(x, x′)
〈
0
∣∣τ [Aλǫ(x)Aωυ(x′)]∣∣ 0〉} . (43)
Using the graviton propagator given by
Dλǫωυ(x− x
′) =
〈
0
∣∣τ [Aλǫ(x)Aωυ(x′)]∣∣ 0〉 ,
= iΘλǫωυG0(x− x
′), (44)
where
Θλǫωυ =
1
2
(gλωgǫυ + gλυgǫω − gλǫgωυ) , (45)
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and G0(x−x
′) is the massless scalar field propagator given in eq. (11). Then the vacuum expectation
value of T µν(x) becomes
〈T µν(x)〉 = −
i
8π
lim
x→x′
{
Γµν(x, x′)G0(x− x
′)
}
, (46)
with
Γµν(x, x′) = 8
(
∂µ∂′ν −
1
4
gµν∂ρ∂′ρ
)
. (47)
Following the tilde conjugation rules, the vacuum average of the energy-momentum tensor in
terms of the α-dependent fields is
〈T µν(ab)(x;α)〉 = −
i
8π
lim
x→x′
{
Γµν(x, x′)G
(ab)
0 (x− x
′;α)
}
. (48)
The physical energy-momentum tensor is given by
T µν(ab)(x;α) = 〈T µν(ab)(x;α)〉 − 〈T µν(ab)(x)〉. (49)
With this procedure a measurable physical quantity is obtained. Explicitly
T µν(ab)(x;α) = −
i
8π
lim
x→x′
{
Γµν(x, x′)G
(ab)
0 (x− x
′;α)
}
, (50)
where
G
(ab)
0 (x− x
′;α) = G
(ab)
0 (x− x
′;α)−G
(ab)
0 (x− x
′). (51)
In the Fourier representation
G
(ab)
0 (x− x
′;α) =
∫
d4k
(2π)4
e−ik(x−x
′)G
(ab)
0 (k;α), (52)
such that the important component of G
(ab)
0 (k;α) is
G
(11)
0 (k;α) = v
2(α) [G0(k)−G
∗
0(k)] . (53)
The generalized Bogoliubov transformation [39] is
v2(kα;α) =
d∑
s=1
∑
{σs}
2s−1
∞∑
lσ1 ,...,lσs=1
(−η)s+
∑s
r=1 lσr exp

− s∑
j=1
ασj lσjk
σj

 , (54)
where d is the number of compactified dimensions, η = 1(−1) for fermions (bosons) and {σs}
denotes the set of all combinations with s elements. In order to obtain physical conditions at finite
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temperature and spatial confinement, α0 has to be taken as a positive real number, while αn for
n = 1, 2, · · · , d− 1 must be pure imaginary of the form iLn.
As a first application, consider the thermal effect that appears for α = (β, 0, 0, 0), such that
v2(β) =
∞∑
j0=1
e−βk
0j0 . (55)
Thus
G
(11)
0 (x− x
′;α) =
∫
d4k
(2π)4
e−ik(x−x
′)
∞∑
j0=1
e−βk
0j0 [G0(k)−G
∗
0(k)] ,
= 2
∞∑
j0=1
G0
(
x− x′ − iβj0n0
)
, (56)
where nµ0 = (1, 0, 0, 0). Then the vacuum expectation value of the energy-momentum tensor at
finite temperature, eq. (50), becomes
T µν(11)(x;β) = −
2i
π
lim
x→x′


∞∑
j0=1
(
∂µ∂′ν −
1
4
gµν∂ρ∂′ρ
)
G0
(
x− x′ − iβj0n0
) ,
=
1
π3
∞∑
j0=1
1
β4j40
(4nµ0n
ν
0 − g
µν) , (57)
where eq. (47) has been used. Using the Riemann Zeta function
ζ(4) =
∞∑
j0=1
1
j40
=
π4
90
, (58)
eq. (57) becomes
T µν(11)(x;β) =
π
90β4
(4nµ0n
ν
0 − g
µν) . (59)
This leads to the Stefan-Boltzmann law for the GEM field
E(T ) = T 00(11)(x;β) =
π
30
T 4. (60)
IV. CASIMIR EFFECT FOR GEM FIELD
Now the Casimir effect at zero and finite temperature is calculated. With different choices for
the α parameter the energy-momentum tensor is calculated.
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A. Casimir effect at zero temperature
For α = (0, 0, 0, iL), the Bogoliubov transformation is
v2(L) =
∞∑
l3=1
e−iLk
3l3 . (61)
The Green function is
G
(11)
0 (x− x
′;L) =
∫
d4k
(2π)4
e−ik(x−x
′)
∞∑
l3=1
e−iLk
3l3 [G0(k)−G
∗
0(k)] ,
= 2
∞∑
l3=1
G0
(
x− x′ − Ll3z
)
. (62)
A sum over l3, for L = 2d, defines the nontrivial part of the Green function with the Dirichlet
boundary condition. Then the energy-momentum tensor becomes
T µν(11)(x; d) = −
2i
π
lim
x→x′


∞∑
l3=1
(
∂µ∂′ν −
1
4
gµν∂ρ∂′ρ
)
G0
(
x− x′ − 2dl3z
) ,
= −
1
16π3
∞∑
l3=1
1
d4l43
(gµν + 4nµ3n
ν
3) . (63)
Using eq. (58) we have
T µν(11)(x; d) = −
π
1440d4
(gµν + 4nµ3n
ν
3) , (64)
where nµ3 = (0, 0, 0, 1). The Casimir energy and pressure for the GEM field are
E(d) = T 00(11)(x; d) = −
π
1440d4
,
P (d) = T 33(11)(x; d) = −
π
480d4
. (65)
The negative sign shows that the Casimir force between the plates is attractive, similar to the case
of the electromagnetic field.
B. Casimir effect at finite temperature
For parallel plates with L = 2d, the effect of temperature is introduced by taking α =
(β, 0, 0, i2d). In this case the Bogoliubov transformation, eq. (54), becomes
v2(k0, k3;β, d) = v2(k0;β) + v2(k3; d) + 2v2(k0;β)v2(k3; d),
=
∞∑
j0=1
e−βk
0j0 +
∞∑
l3=1
e−iLk
3l3 + 2
∞∑
j0,l3=1
e−βk
0j0−iLk3l3 . (66)
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The Green function, corresponding to the first two terms, is given in eq. (56) and in eq. (62),
respectively. The Green function associated with the third term is
G
(11)
0 (x− x
′;β, d) = 2
∫
d4k
(2π)4
e−ik(x−x
′)
∞∑
j0,l3=1
e−βk
0j0−iLk3l3 [G0(k) −G
∗
0(k)] ,
= 4
∞∑
j0,l3=1
G0
(
x− x′ − iβj0n− 2dl3z
)
. (67)
Then the energy-momentum tensor is given as
T µν(11)(β; d) = −
1
π3
{
∞∑
j0=1
gµν − 4nµ0n
ν
0
(βj0)4
+
∞∑
l3=1
gµν + 4nµ3n
ν
3
(2dl3)4
+ 2
∞∑
j0,l3=1
(βj0)
2[gµν − 4nµ0n
ν
0 ] + (2dl3)
2[gµν + 4nµ3n
ν
3 ]
[(βj0)2 + (2dl3)2]3
}
, (68)
and the Casimir energy and pressure are given, respectively, by
E(β, d) = T 00(11)(β; d) =
π
30β4
−
π
1440d4
+
2
π3
∞∑
j0,l3=1
3(βj0)
2 − (2dl3)
2
[(βj0)2 + (2dl3)2]3
, (69)
P (β, d) = T 33(11)(β; d) =
π
90β4
−
π
480d4
+
2
π3
∞∑
j0,l3=1
(βj0)
2 − 3(2dl3)
2
[(βj0)2 + (2dl3)2]3
. (70)
The first term is the Stefan-Boltzmann law. The second and last term are Casimir effect at zero
and finite temperature, respectively.
In order to get the physical quantities involved in the last term of the eq. (68), this term is
written as
T µν(11)c (β; d) = −
2
π3
∞∑
j0,l3=1
(βj0)
2[gµν − 4nµ0n
ν
0] + (2dl3)
2[gµν + 4nµ3n
ν
3]
[(βj0)2 + (2dl3)2]3
,
= −
2
π3
∞∑
j0,l3=1
{ gµν
[(βj0)2 + (2dl3)2]2
− 4
[(βj0)
2n
µ
0n
ν
0 − (2dl3)
2n
µ
3n
ν
3 ]
[(βj0)2 + (2dl3)2]3
}
, (71)
Following [40], for ξ = d
β
we define ,
f(ξ) = −
1
8π3
∞∑
j0,l3=1
(2ξ)4
[j20 + (2l3ξ)
2]2
, (72)
and
S(ξ) = −
df(ξ)
dξ
=
23
π3
∞∑
j0,l3=1
ξ3j20
[j20 + (2l3ξ)
2]3
. (73)
Then the energy-momentum tensor becomes
T µν(11)c (β; d) =
1
d4
f(ξ) [gµν + 4nµ3n
ν
3 ] +
1
βd3
[nµ0n
ν
0 + n
µ
3n
ν
3 ]S(ξ). (74)
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The energy density is given by
Ec(β, d) =
1
d4
[f(ξ) + ξS(ξ)] . (75)
Here, functions f(ξ) and S(ξ), describe the free energy density and entropy density, respectively,
for gravitons .
V. CONCLUSIONS
The Casimir effect for electromagnetic (EM) field between metal plates has been measured at
zero temperature. In addition this effect at finite temperature has been established when the
separation between plates is of the order of micrometers. Is it interesting to calculate the Casimir
effect for gravitational fields? Some linearized models of gravitation fields have been utilized to
estimate the Casimir effect. Here we use the gravitoelectromagnetism field.
Gravitoelectromagnetism (GEM) is based on an analogy with electromagnetism. Here we use
the version where the Weyl tensor is divided into electric Eij = −C0i0j and magnetic Bij =
1
2ǫiklC
kl
0j
components. Finite temperature is introduced using Thermo Field Dynamics (TFD), a real-time
finite temperature field theory. Using this formalism the energy-momentum tensor is obtained at
finite temperature. Then the Casimir energy and pressure are calculated. The role of temperature
is small. These results are similar to the case of electromagnetic field.
It is important to point out that although these results are similar there are important differ-
ence between two theories. For example, electromagnetic fields are vectors whereas GEM fields are
tensors. The electromagnetic field is opaque to the plates and then its contribution for the Casimir
effect is measurable. The gravitational field for conventional plates is small. However an experi-
mental proposal [28] to measure the gravitational Casimir effect using GEM field is developed. Our
results indicate that the combined effect of temperature and spatial compactification give a new
constraint for the gravitational Casimir effect.
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